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NUMERICAL SIMULATION OF THE FRACTIONAL-ORDER
CONTROL SYSTEM
X. CAI AND F. LIU∗
Abstract. Multi-term fractional differential equations have been used to
simulate fractional-order control system. It has been demonstrated the
necessity of the such controllers for the more efficient control of fractional-
order dynamical system. In this paper, the multi-term fractional ordinary
differential equations are transferred into equivalent a system of equations.
The existence and uniqueness of the new system are proved. A fractional
order difference approximation is constructed by a decoupled technique
and fractional-order numerical techniques. The consistence, convergence
and stability of the numerical approximation are proved. Finally, some
numerical results are presented to demonstrate that the numerical approx-
imation is a computationally efficient method. The new method can be
applied to solve the fractional-order control system.
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1. Introduction
Fractional derivatives have recently been used to new applications in neural
networks, control system, engineering, physics, finance, and hydrology [4],[6-
7],[9-13]. Fractional-order control system has attracted the attention of many
researchers [1-3],[8,14]. There have been some attempts to solve linear prob-
lems with multi-term fractional-order equation. The multi-term fractional-order
equation has been used to model fractional-order control system. But a complete
analysis has not been given so far. This motivates us to consider their effective
numerical solution and analysis. It has been demonstrated the necessity of the
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fractional-order controllers for the more efficient control of fractional-order dy-
namical system. These new fractional-order models are more adequate that the
previously used inter-order models.
Wang [14] considered the (n,m) term of fractional-order differential equation
D
n
mx(t) + a1D
n−1
m x(t) + · · ·+ an−1D 1mx(t) + anx(t) = u(t) (1)
where n,m ∈ ℵ, n,m > 0, ak, (k = 1, 2, · · · , n) is an arbitrary constant, D km is
the Caputo’s fractional derivative.
The equation (1) is equivalent to the system of equations
D
1
mx1(t) = x2(t),
D
1
mx2(t) = x3(t),
...
D
1
mxn−1(t) = xn(t),
D
1
mxn(t) = −a1xn(t)− · · · − an−1x2(t)− anx1(t),
x(t) = x1(t).
(2)
Diethelm [5] considered the very general form of fractional equations
x(α)(t) = anDβnx(t) + an−1Dβn−1x(t) + · · ·+ a1Dβ1x(t) + f(t) (3)
with α > βn > βn−1 > · · · > β1 and α− βn < 1, βj − βj−1 < 1, 0 < β1 < 1.
Let M be the least common multiple of the denominators of βn, βn−1, · · · , β1
and let γ = 1M and N = Mα. According to Diethelm’s technique [5], the equa-
tion (3) is equivalent to the system similar to the system (2). They discussed the
existence and uniqueness of the solution, and proved the convergence and stabil-
ity of the numerical methods based on a nearly equivalent system of fractional
differential equations of order not exceeding βn.
It is worth to point out that M is very large usually. It is well known that
the system is difficult to solve when the number of the states variable becomes
too large. To overcome this disadvantage, it is very necessary to develop new
techniques.
In this paper, we consider the n+1 term fractional-order differential equation
Dβnx(t) + anDβn−1x(t) + · · ·+ a2Dβ1x(t) + a1x(t) = u(t). (4)
We introduce a new technique to transfer the multi-term fractional-order
equation (4) into a equivalent system, which is the more general form of sys-
tem (2). The existence and uniqueness of the new system are proved. A nu-
merical approximation is constructed by a decoupled method. The consistence,
convergence and stability of the numerical approximation equation are studied.
This paper is organized as follows. In section 2, basic ideas are presented. We
show that multi-term fractional-order differential equation may be transferred
to a system of linear fractional differential equation of a single order. The ex-
istence and uniqueness of the new system are proved. In section 3, a fractional
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order difference approximation is constructed by a decoupled method. The con-
sistence, convergence and stability of numerical method are proved. In section
4, numerical results are shown to demonstrate that numerical approximation is
a computationally efficient method. Finally, the conclusions of this paper are
given.
2. Basic Ideas and Properties
We consider the n+ 1 term fractional-order control system [5]
Dβnx(t) + anDβn−1x(t) + · · ·+ a2Dβ1x(t) + a1x(t) = u(t), (5)
subject to initial conditions
xi(0) = 0, i = 0, 1, · · · , bβnc, (6)
where
βn > βn−1 > · · · > β1, βj − βj−1 < 1, 0 < β1 < 1, (7)
an ≥ 0, ak(k = 1, 2, · · · , n− 1) is a arbitrary constant.
Remark. If an < 0, we will consider the equation (5) with term 0 ×
Dαx(t), βn−1 < α < βn, which lead to an = 0.
Dβn , Dβn−1 , · · · , Dβ1 are Caputo fractional derivative of order βi with respect
to the variable t and with the starting point at t = 0.
Definition 1. The Caputo fractional derivative of order α is defined as
Dαx(t) =
{
1
Γ(m−α)
∫ t
0
xm(τ)dτ
(t−τ)α+1−m , 0 ≤ m− 1 < α < m,
dmx(t)
dtm , α = m.
(8)
In order to analyze the existence and uniqueness, some basic definitions and
lemmas of fractional-order derivative are given.
Definition 2. The Riemann-Liouville fractional derivative of order α is de-
fined as
0D
α
t x(t) =
{
1
Γ(m−α)
dm
dtm
∫ t
0
x(τ)dτ
(t−τ)α+1−m , 0 ≤ m− 1 < α < m,
dmx(t)
dtm , α = m.
(9)
Lemma 1. The relationship between the Caputo fractional derivative and the
Riemann-Liouville fractional derivative [7] is
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Dαx(t) =0 Dαt x(t)−
m−1∑
k=0
xk(0+)tk−α
Γ(k − α+ 1) , 0 ≤ m− 1 < α < m. (10)
Analogous to the proof in [13], the following two Lemmas can be proved.
Lemma 2. Under the initial condition (6), we have Dαx(t) =0 Dαt x(t) and
Dα+βx(t) = Dαx(t) ·Dβx(t).
Lemma 3. If f(t) ∈ L1(0, T ), then the equation Dβnx(t) = f(t) has the
unique solution x(t) = 1Γ(βn)
∫ t
0
(t − τ)βn−1f(t)dt, x(t) ∈ L1(0, T ) and satisfies
the initial condition (6).
The equations (5) and (6) are equivalent to the system of equations
Dβ1x1(t) = x2(t),
Dβ2−β1x2(t) = x3(t),
...
Dβn−1−βn−2xn−1(t) = xn(t),
Dβn−βn−1xn(t) = u(t)− a1x1(t)− a2x2(t)− · · · − anxn(t),
x(t) = x1(t),
(11)
subject to initial conditions
xi(0) = 0, i = 1, 2, · · · , n. (12)
Considering condition (7), the system of equations (11) can be rewritten as
Dα1x1(t) = x2(t),
Dα2x2(t) = x3(t),
...
Dαn−1xn−1(t) = xn(t),
Dαnxn(t) = u(t)− a1x1(t)− a2x2(t)− · · · − anxn(t),
x(t) = x1(t),
(13)
where α1 = β1, αi = βi − βi−1, 2 ≤ i ≤ n; 0 < αi < 1, 1 ≤ i ≤ n; an ≥ 0, ak(k =
1, 2, · · · , n− 1) is a arbitrary constant.
Thus, we have the following Lemma.
Lemma 4. The differential equation (5) and (6) are equivalent to the system
of equations (13) and (12).
Theorem 1. If u(t) ∈ L1(0, T ), then the system of equations (13) and (12)
has a unique solution x(t) ∈ L1(0, T ).
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Proof. Suppose that the differential equation (5) and (6) has a solution x(t), i.e.,
Dβnx(t) = f(t), where f(t) = u(t)− anDβn−1x(t)− · · · − a2Dβ1x(t)− a1x(t).
By Lemma 3, we have
x(t) =
1
Γ(βn)
∫ t
0
(t− τ)βn−1f(τ)dτ. (14)
Substituting (14) into equation (5) written in the form
f(t) + anDβn−1x(t) + · · ·+ a2Dβ1x(t) + a1x(t) = u(t). (15)
We obtain the Volterra integral equation of the second kind for the function
f(t)
f(t) +
∫ t
0
K(t, τ)f(τ)dτ = u(t), (16)
where
K(t, τ) = a1
(t− τ)βn−1
Γ(βn)
+
n−1∑
k=0
ak+1
(t− τ)βn−βk−1
Γ(βn − βk) . (17)
Furthermore, the kernelK(t, τ) can be written in the form of a weakly singular
kernel
K(t, τ) =
K∗(t, τ)
(t− τ)1−αn . (18)
Since 0 < αn < 1, the equation (16) with the weakly singular kernel (18)
and f(t) ∈ L1(0, T ) has a unique solution f(t) ∈ L1(0, T ) [13]. Therefore the
solution of differential equation (5) and (6) can be determined using the equation
(14). By Lemma 4 we conclude that the system of equations (13) and (12) has
a unique solution x(t) ∈ L1(0, T ). ¤
3. Fractional-Order Difference Approximation
In this section, numerical method to solving the system of equations (13) and
(12) is presented.
Firstly, the system of equations (13) is decoupled into following system
Dα1x1(tm) = x2(tm−1),
Dα2x2(tm) = x3(tm−1),
...
Dαn−1xn−1(tm) = xm(tm−1),
Dαnxn(tm) = u(tm)− a1x1(tm)− a2x2(tm)− · · · − anxm(tm),
x(tm) = x1(tm),
(19)
subject to initial conditions
xi(0) = 0, i = 1, 2, · · · , n, (20)
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where 0 < αi < 1, 1 ≤ i ≤ n, an ≥ 0, ak(k = 1, 2, · · · , n − 1) is a arbitrary
constant.
Secondly, we use a uniform grid tm = m ·h, where m = 0, 1, · · · ,M,Mh = T.
Using a decoupled technique and fractional-order numerical techniques, fractional-
order differential equations can be solved by the following difference approxima-
tions:
h−α1
m∑
j=0
ωα1j x1,m−j = x2,m−1,
h−α2
m∑
j=0
ωα2j x2,m−j = x3,m−1,
...
h−αn−1
m∑
j=0
ω
αn−1
j xn−1,m−j = xn,m−1,
h−αn
m∑
j=0
ωαnj xn,m−j = um − a1x1,m − a2x2,m − · · · − anxn,m,
(21)
subject to initial conditions
xi,0 = 0, i = 1, 2, · · · , n, (22)
where
um = u(tm), 0 ≤ m ≤M ;ωαik = (−1)k
(
αi
k
)
, 1 ≤ i ≤ n, k ≥ 0. (23)
In fact all equations in (19) can be rewritten as the following form:
Dαz(t) = f(t)− az(t)− b, z(0) = 0, (24)
where 0 < α < 1, a, b is constant and a ≥ 0 since a correspond to an in equation
(5).
Similarly, all difference approximations in (21) can be rewritten as the follow-
ing form:
h−α
m∑
j=0
ωjzm−j = fm − azm − b, z0 = 0, (25)
where
w0 = 1, wi = (−1)iα(α− 1) · · · (α− i+ 1)
i!
, i = 1, 2, 3, · · · . (26)
Now we mainly consider fractional-order differential equation (24) and differ-
ence approximation (25) and prove the consistence, convergence and stability of
the numerical approximation.
Lemma 5.
Dαz(tm) = Dαz(tm) +O(h), (27)
Numerical Simulation of the Fractional-Order Control System 7
where Dαz(tm) = h−α
m∑
j=0
ωjz(tm−j).
Proof. See [9] ¤
.
Theorem 2. Numerical approximation (25) is consistent with fractional-
order differential equation (24), and zm − z(tm) = O(h1+α).
Proof. Suppose that zj = z(tj), j = 0, 1, · · · ,m− 1. By (25), we have
h−αω0zm + h−α
m∑
j=1
ωjz(tm−j) = fm − azm − b.
h−αzm − h−αz(tm) + h−α
n∑
j=0
ωjz(tn−j) = fm − azm − b.
Using Lemma 5, we have
h−α(zm − z(tm)) +Dαz(tm) + Ch = fm − azm − b.
(1 + ahα)(zm − z(tm)) = Ch1+α.
|zm − z(tm)| = O(h1+α)
As h is sufficiently small, |zm−z(tm)| → 0, therefore numerical approximation
(25) is consistent with fractional-order differential equation (24). ¤
Theorem 3. Numerical approximation (25) for solving fractional-order dif-
ferential equation (24) is stable.
Proof. Let zm and z¯m be two solutions of the numerical approximation (25),
which are obtained by using the different initial values z0 and z¯0.
Let em = zm − z¯m, we have
h−α
m∑
j=0
ωjem−j = −aem. (28)
(1 + ahα)em = −
m∑
j=1
ωjem−j . (29)
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By (26) we have w0 = 1, wi < 0, i = 1, 2, 3, · · · and
∞∑
j=0
ωj = 1, thus,
−
m∑
j=1
ωj < 1. (30)
From (29), we have
|em| ≤ max(|e0|, |e1|, · · · , |em−1|) ≤ · · · ≤ |e0|. (31)
Therefore, numerical approximation (25) for fractional-order differential equa-
tion (24) is stable. ¤
Theorem 4. The numerical solution zm of difference approximation (25)
converges to the solution z(tm) of fractional-order differential equation (24).
Proof. Let εm = z(tm)− zm, then ε0 = 0.
Considering (24) and (25), we have
h−α
m∑
j=0
ωjz(tm−j) + Ch = f(tm)− az(tm)− b
and
h−α
m∑
j=0
ωjzm−j = fm − azm − b.
Thus,
(1 + ahα)εm = −
m∑
j=1
ωjεm−j + Ch1+α, (32)
|εm| ≤ |
m∑
j=1
ωj |max(|ε0|, |ε1|, · · · , |εm−1|) + Ch1+α
≤ max(|ε0|, |ε1|, · · · , |εm−1|) + Ch1+α
(33)
|εm| ≤ |ε0|+mCh1+α = C∗hα. (34)
As h is sufficiently small, |εm| → 0, therefore numerical solution zm of dif-
ference approximation (25) converges to the solution z(tm) of fractional-order
differential equation (24). ¤
4. Numerical results
It has been proven that a new type of fractional-order controller shows bet-
ter performance when used for the control of fractional-order systems than the
classical PID-controller [13].
In this section, we present three examples.
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Table 1. The maximum point wise errors E1000, h = 0.01, T = 10s.
α 0.9 0.8 0.7 0.6 0.5
β 0.4 0.5 0.6 0.7 0.8
E1000 0.01734071 0.01734071 0.01734071 0.01734071 0.01734071
Example 1. Consider a fractional-order control system with the transfer
function [13]
G(s) =
1
0.8s2.2 + 0.5s0.9 + 1
. (35)
The transfer function corresponds in the time domain to the three-term
fractional-order differential equation
0.8D2.2x(t) + 0.5D0.9x(t) + x(t) = u(t) (36)
subject to initial conditions xi(0) = 0, i = 0, 1, 2.
The fractional-order equation (36) is equivalent to the following system of
equations  D
0.9x1(t) = x2(t),
Dαx2(t) = x3(t),
Dβx3(t) = 54 (u(t)− 12x2(t)− x1(t)).
(37)
where α+ β = 1.3.
Numerical approximation can be written as the following form:
h−0.9
m∑
j=0
ω0.9j x1,m−j = x2,m−1,
h−α
m∑
j=0
ωαj x2,m−j = x3,m−1,
h−β
m∑
j=0
ωβj x3,m−j =
5
4 (um − 12x2,m − x1,m),
(38)
subject to initial conditions xi,0 = 0, i = 1, 2, 3, where ω0.9k = (−1)k
(
0.9
k
)
, ωαk =
(−1)k(αk), ωβk = (−1)k(βk), k = 0, 1, 2, · · · .
Let EM = max
0≤i≤M
|x1,i − x(ti)| be the maximum point wise errors. Numerical
solutions with different values α, β and α+ β = 1.3 are shown in Table 1 when
M = 1000, h = 0.01, T = 10s. From Table 1, it can be seen that the maximum
point wise errors is same. This conforms that the fractional-order equation (36)
is equivalent to the system of equations (37).
Unit-step response of the fractional-order system and its numerical approx-
imation with α = 0.9, β = 0.4 are shown in Figure 1, and its maximum point
wise errors are listed in Table 2. From Figure 1 and Table 2, it can be seen
that our numerical approximation converges to the solution of fractional-order
differential equation.
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Table 2. The maximum point wise errors EM , T = 10s when
α = 0.9, β = 0.4.
M 100 200 400 500 800
h 0.1 0.05 0.025 0.02 0.0125
EM 0.214246702 0.094478199 0.044553559 0.035261717 0.021740335
Example 2. Integer-order Approximation
For comparison purposes, let us approximate the considered fractional-order
system by a second-order system. Noting that β2 = 2.2 and β1 = 0.9 are close
to 2 and 1, respectively, one may expect a good approximation. Using the least-
squares method for the determination of coefficients of the resulting equation,
Podlubny [13] obtained the following approximating equation corresponding to
the equation (36)
0.7414x′′(t) + 0.2313x′(t) + x(t) = u(t). (39)
The comparison of the unit-step response of systems described by (36) (orig-
inal system) and (39) (approximating system) is shown in Figure 2. The agree-
ment seems to be satisfactory enough to build up the control strategy on the
description of the original fractional-order system by its approximation.
Example 3: Consider three-term fractional-order differential equation
0.8Dαx(t) + 0.5D0.9x(t) + x(t) = u(t), (40)
subject to initial conditions xi(0) = 0, i = 0, 1, 2, where 2.2 ≤ α ≤ 2.5.
The fractional-order equation (40) is equivalent to the following system of
equations  D
0.9x1(t) = x2(t),
D0.7x2(t) = x3(t),
Dβx3(t) = 54 (u(t)− 12x2(t)− x1(t)),
(41)
where 0.6 ≤ β ≤ 0.9.
Numerical approximation can be written as the following form:
h−0.9
m∑
j=0
ω0.9j x1,m−j = x2,m−1,
h−0.7
m∑
j=0
ω0.7j x2,m−j = x3,m−1,
h−β
m∑
j=0
ωβj x3,m−j =
5
4 (um − 12x2,m − x1,m),
(42)
subject to initial conditions xi,0 = 0, i = 1, 2, 3, where ω0.9k = (−1)k
(
0.9
k
)
, ω0.7k =
(−1)k(0.7k ), ωβk = (−1)k(βk), k ≥ 0.
Unit-step response of the fractional-order system (42) for 0.6 ≤ β ≤ 0.9 are
shown in Figure 3.
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From the three examples, it can be seen that our numerical approximation
is a computationally efficient method. The new method can be applied to solve
the fractional-order control system.
6. Conclusion
In this paper, a new technique to conduct the fractional transfer function into
the equivalent system has been described. The new system is the more general
form of the original system. The existence and uniqueness of the new system are
proved. A new numerical approximation is constructed by a decoupled method
and fractional-order numerical technique. The consistence, convergence and sta-
bility of difference equation are studied. Finally, some numerical results are
shown to demonstrate that our scheme is agreement with theoretical analysis.
Acknowledgements
This work has been supported by the National Natural Science Foundation of
China under Grant 10271098, the Australia Research Council Grant LP0348653
and the Natural Science Foundation of Fujian Province , China under Grant
A0410021.
References
1. W.M. Ahmad and J.C. Sprott, Chaos in fractional-order autonomous nonlinear systems,
Chaos Solitons and Fractals, 16 (2003) 339–351.
2. W.M. Ahmad and J.C. Sprott, Stabilization of generalized fractional order chaos systems
using state feedback control, Chaos Solitons and Fractals, 22 (2004) 141–150.
3. C. Bai and Z. Fang, The existence of a positive solution for a singular coupled system of
nonlinear fractional differential equations, Journal of Computational and Applied Math-
ematics, 150 (2004) 611–621.
4. M. Basu and D.P. Acharya, On quadratic fractional generalized solid bi-criterion, J.
Appl.Math. and Computing, 2 (2002) 131-144.
5. K. Diethelm and J.F. Neville, Numerical solution of linear and non-linear
fractional differential equations involving fractional derivatives of several orders,
http://www.ma.man.ac.uk/MCCM/MCCM.html.
6. A.M.A. El-Sayed and M.A.E. Aly, Continuation theorem of fractional order evolutionary
integral equations, J. Appl. Math. and Computing, 2 (2002) 525-534.
7. R. Gorenflo, F. Mainardi and D. Moretti, Time fractional diffusion: a discrete random
walk approach, Journal of Nonlinear Dynamics, 29 (2000) 129–143.
8. Y. Hu and F. Liu, Numerical Methods for a Fractional-Order Control System, Journal of
Xiamen University (NATURAL Science), 44(3) (2005) 313-317.
9. R. Lin and F. Liu, Analysis of fractional-order numerical method for the fractional re-
laxation equation, Computational Mechanics, WCCM VI in conjuncton with APCOM’04
, (2004) ID-362.
10. F. Liu, V. Anh and I. Turner, Numerical Solution of the Space Fractional Fokker-Planck
Equation, Journal of Computational and Applied Mathematics , (166) (2004) 209-219.
11. F. Liu, V. Anh and I. Turner, Numerical Solution of the Space Fractional Fokker-Planck
Equation, ANZIAM J., 45 (2004) 461–473.
12 X. Cai and F. Liu
12. F. Liu, S. Shen, V. Anh and I. Turner, Analysis of a discrete non-Markovian random
walk approximation for the time fractional diffusion equation, ANZIAM J., 46(E) (2005)
101-117.
13. I. Podlubny, Fractional Differential Equations, Academic, Press, New York, 1999.
14. Z.B. Wang, G.Y. Cao and X. Zhu, Application of Fractional Calculus in System Modeling,
Journal of ShangHa JiaTong University (in Chinese), 38 (2004) 802–805.
Fawang Liu received his MSc from Fuzhou University in 1982 and PhD from Trinity Col-
lege, Dublin, in 1991. Since graduation, he has been working in computational and applied
mathematics at Fuzhou University, Trinity College Dublin and University College Dublin,
University of Queensland, Queensland University of Technology and Xiamen University.
Now he is a Professor at Xiamen University. His research interest is numerical analysis
and techniques for solving a wide variety of problems in applicable mathematics, including
semiconductor device equations, microwave heating problems, gas-solid reactions, singular
perturbation problem, saltwater intrusion into aquifer systems and fractional differential
equations.
(1) School of Mathematical Sciences, Xiamen University, Xiamen 361005, China. (2)
School of Mathematical Sciences, Queensland University of Technology, GPO Box 2434,
Brisbane, Qld. 4001, Australia.
e-mail:fwliu@xmu.edu.cn or f.liu@qut.edu.au
Xin Cai received his MSc from Fuzhou University in 1988. Now he is a Associated
Professor at Jimei University and a PhD student at Xiamen University, China. His research
interest is numerical computation for PDE, especially, fractional differential equations and
singular perturbation problems.
(1) School of Mathematical Science, Xiamen University, Xiamen 361005, China (2) De-
partment of Mathematics, Jimei University, Xiamen 361021, China.
email: cx85@263.net
Numerical Simulation of the Fractional-Order Control System 13
LIST OF FIGURES
Figure 1: Unit-step response of the fractional-order system with α = 0.9, β = 0.4
and showing the effect of M .
Figure 2: Unit-step response of the fractional-order system and it’s approxima-
tion by integer-order equation (39).
Figure 3: Unit-step response of the fractional-order system (42) for 0.6 ≤ β ≤
0.9.
